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1 Introduction:

Lassa Fever (LF), acknowledged precisely as Lassa Hemorrhagic Fever (LHF), declared as an endemic contagion in some parts of
West African countries, is spread by Lassa virus (LASV) or Lassa Hemorrhagic Fever virus (LASHFV), belonging to the Arenaviridae
family. The Lassa fever is a zoonotic infection transmitted to human beings via food items or household products contaminated
through urine and faeces of the reservoir, Mastomys rats. Human transmission is Lassa fever is occurred by direct contact and
estimated 80% of infected persons are asymptomatic [1, 2]. Besides the direct contact, laboratory transmission of Lassa fever is also a
topical issue taking place in hospitals with inadequate sanitization and preventive measures [3]. In drastic cases, Lassa virus mainly
affect foremost organs like liver, spleen and kidneys along with 1% fatality rate [1]. In case of severe infection profile, expiration,
maternal death or loss of fetus (during the third trimester of pregnancy)

usually happen within 14 days of commencement of fatal symptoms. Lassa fever has the incubation period of 6-21 days approximately
and for symptomatic patients, symptoms like fever, weakness, malaise, headaches, sore throat, vomiting,
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nausea, diarrhea, swelling of face, abdominal pain, fluid retention in lungs, blood exposure in mouth, nose, sexual organs, GI tract, low
blood pressure, shock etc are noticeable predominantly [1, 4, 5].

The first detection of Lassa fever infection was ensued in the year 1950, however the first confirmed case of Lassa was documented in the
year 1969, in the town Lassa, situated in Borno state of Nigeria [6, 7]. According to the report of WHO, the largest outbreak of Lassa fever
up to now was reported in Nigeria in the year 2018 [8]. According to Nigeria Centre for Disease Control and Prevention report, an
estimated 5669 cases have suspected, along with 832 confirmed cases and 152 death cases from January 1, 2024 to April 14, 2024 [9]. Indeed,
the number of incidences is higher originally than the reported cases, since in most areas of West Africa the surveillance of the transmission
could not be performed [10, 11]. There is effective vaccine against Lassa fever until now; Ribavirin is supposed to be an antiviral medication
against the infection if is prescribed early stages of infection [1]. WHO recommends some preventive measures for community like storing
grain, foodstuffs in some rodent-proof containers, disposing of garbage regularly away from community, cleaning of households and
keeping cats and some personal preventive measures like maintaining basic hand, face and respiratory hygiene, safe sex practice, safe
injection practices, safe burial practices etc.

Mathematical modeling of an infected disease is beneficial to understand the kinetics of the overall disease pattern, course of infection,
several factors and parameters affecting the dynamics of the disease, and possible control of the infection by means of several control
strategies. Several mathematical models of Lassa fever have been developed [4, 8, 11 — 15] portraying the transmission stages and
dynamical traits of infection considering either vector population, or human population or both populations. Some of these models
employed different preventive strategies, in particular isolation, reducing intrahuman contact and contact with rodents, cleaning of
environment etc in declining the infectiousness and to control the Lassa fever transmission. A very few models studied the impact of
memory or another hereditary profile in contagion of Lassa fever [14, 15, 18]. Motivated by these works, in our present study we develop
a deterministic, compartmental, integer-order mathematical model of Lassa fever transmission by upgrading the existing models of Lassa
fever contagion proposed by [3, 16, 17]. Furthermore, we upgrade the proposed integer-order model to a Caputo fractional-order model
incorporating the impact of immunological memory.

Present article is calibrated as follows: Section 2 is comprised of the mathematical modeling of Lassa fever transmission. In Section 3, the
epidemic system is upgraded to its fractional-order counterpart in Caputo sense. In Section 4, local dynamics of the epidemic system
around both the steady states is studied. Section 5 is designed with various numerical simulations. In Section 6, conclusions regarding
comprehensive results are attached.

2. Lassa fever model

Taking into account both the vector (Mastomys rat) population and human population, we proposed an upgraded [3, 16, 17], non-linear
deterministic, integer-order mathematical model comprising of the transmission dynamics of Lassa fever. We consider five compartments
as (i) susceptible rats (S, (t)), (ii) infected rats (I,,(t)), (iii) susceptible humans (S, (t)), (iv) infected humans (I;(t)) and (v) recovered
humans (R, (t)), at time t (days). Our proposed coupled system of nonlinear system of ODE equations is as follows:

ds,
— = A= 0) = BsSuly — tmSm,
dl

d_:l = A0 + B3SmIm — (O + thn) I,
ds,

pralie Ap = B1Snlm — B2InSh — BnSh,
dl,

e BiShlm + B2lpSh — (v + 8 + updIy,
dRp, _ | R

FTE Ynin — Hnltp,

with epidemiologically feasible non-negative initial conditions:
S (0) = Spo = 0,1, (0) = Lo = 0,5,(0) = Spo = 0,1,(0) = Ing = 0,Rpo = Rpo = 0.

Here we assume that all the model parameters are positive and their epidemiological descriptions are enlisted in Table 1. The time of
infection is measured in days. The flow of Lassa fever transmission dynamics is depicted in the Figure 1.
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Figure 1. The figure is portraying the transmission dynamics of System (1).

Table 1: Model parameters and their epidemiological descriptions of the System (1)

Parameters Definitions Values
/\rr Constant recruitment of rats 500
N, Constant recruitment of susceptibles 2000
B, Rate of zoonotic transmission 0.0008
B, Rate of intrahuman transmission 0.0008
B, Rate of rat to rat infection 0.00714
U, Rate of natural death of rats 0.00038
U, Rate of natural death of humans 0.00005
5m Rate of disease induced death of rats 0.0001
0, Lassa fever induced death of humans 0.00074
Vi Rate of recovery of humans 0.84
6 Fraction of new recruitment of infected rats 0.6

3. Fractional-order advancement of the system

Intending to upgrade our proposed integer-order model of Lassa fever [1] into a fractional-order differential equations (FODs) model,
first we are recalling two widely used definitions of FODs, namely Riemann-Liouville and Caputo derivatives [19-21]. These two
definitions are mostly used in analyzing real-life dynamical characteristics of a mathematical model like hereditary properties, genetic
profile, memory etc. In our present work, we implement fractional-order derivatives in Caputo sense to convert our proposed integer-
order model into a fractional one cogitating the huge advantages of Caputo fractional derivatives in solving real-life problems.

Definition 1. [22] Let a function f € C™[0, p], space of all n times continuously differentiable functions in [0, p]. Then the Caputo fractional-order

n)
derivative of f is defined by ngf(t) = F(nl_ﬂ) fot (t_];)(g(i)m) dyn—1<9<ne€Nandt >0,

where T'(.) is the well-known Gamma function and 9 is the order of FODs. In particular, for 0 <9 < 1, the above definition could be written as

Cporery =L tfP»
0PSO =5 lo o -
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Our proposed Caputo fractional-order deterministic model of Lassa fever considering the influence of immunological memory is
constructed as follows:

C

CDES(®) = A%, = BES (Ol (©) — 1S (0),

Epfin(® = BESmOIn(©) = (55 + 1) (0)

DEsu® = A% = BESOln () — BEWOSHE) - HESH(O), ®)
CDEI() = BESWOIn() + BEIn(OSK(©) = (7 + 8 + uDIn(0),

CDERy(D) = VI () — 1R (0),

with the same non-negative initial condition (2) and « is the order of fractional-order derivatives, defined as the index of immunological
memory such that 0 < @ < 1. The epidemiological descriptions of the baseline parameters and their values used for numerical simulation
are enlisted in the Table 1. The parametric values are collected from [1, 3, 5, 16, 17].

4. Basic characteristics of the Caputo fractional-order system

In this section, we investigate the well-posedness of the Caputo-fractional-order system (3) in addition to the non-negative initial
conditions (2). In this regard, we check the non-negativity of the solution trajectories of the Caputo fractional-order system (3) and their
uniform boundedness.

41 Non-negativity of solutions
At first, we consider a set

® = {G(1) € R,%: G(£) = 0} where G(t) = (S (8), I (1), Sn (D), In(1), Ra(®))
Next, to prove that all the solution trajectories of the Caputo fractional-order system (3) are non-negative and belong to the region @, we
take help of the following theorem (established in the work of [23]).
Theorem 1. Let us consider that the above defined function f (t) and its Caputo fractional-order derivative gD;" f(t) both belong to the metric space
Clp, ql and the condition 0 < a < 1 holds. Then, for all t € [p, q] the function f (t) would be monotonically increasing ifgf(t) > 0 and the function
£ () would be monotonically decreasing ingf‘f(t) <0.

Using the Theorem 1, we state the following corollary.

Lemma 1. Suppose that h(t) € 0[0,u] and ng‘h(t) EO0for0<a<l. Ingf‘h(t) > 0 forall t € (0,u), then function h is non-decreasing and
ingf‘h(t) < 0 forall t € (0,u), then the function h in non-increasing for all t € (0,u).

Now, using the above Theorem 1 and Lemma 1, we prove the positivity of all the solutions of the Caputo fractional-order system (3).

Theorem 2. All the solution trajectories of the Caputo fractional-order system (3) along with non-negative initial conditions (2) are positively
oriented and belong to the region ® (defined previously).

Proof. From the system of Caputo fractional-order equations [3], it is observed that

CDESm [Sm=0=14%20CDf1,| =020
0 e 0

ngIh |1 = 0= BESHOI(0) 2 0, ngth L =rRO =0

h=

DfSpg, o = A% 20,

Thus, for any time t € (0, ), it is obtained that S,,(t) =0, I,,(t) =0, S,(t) =0, I(¢t) =0, and R(t) = 0. Hence, all the solutions
(St I, iy In, Ry) are positively oriented in R,s. O
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4.2 Uniform boundedness of solutions

Theorem 3. Every solution of the Caputo fractional-order system (3) with non-negative initial conditions (2) initiating in the region @ is uniformly
bounded in R s.

Proof. Firstly, by summing up the first two equations of the Caputo fractional-order system (3), it is obtained that

c
oDENM(®) = Af = 05 (S (6) + Im (D))
ie. < A% — 9EN,, (8),
where 9% = max{u%, u% + 65}, since gD;"Nm(t) + 95 Ny (t) < A%, and ng‘Nh(t) + 9N, (t) < AF. Now, it could be obtained
A(l
N, (t) < (N(0) — A%)E, (—9%t%) + ﬁ—';,w E.
m

Accordingly, Ny, (t) —» A% 9% as t —» . Now, adding the last three equations of the Caputo fractional-order system (3), we have

c

oDEN() AF = 9F(Sp(®) + I (®) + R(D))

e < A% — 9EN, (1)

CDE"Nh(t) + 9N, (t) < AFand CDEN,(t) + 9N, (t) < AF. Thus, it could be obtained that

where 97 = max{uy;, (uy + uj)} since, 0

a

A
Np(t) < (N(0) — ADE, (—9%t%) + 19—];,\7’1: €.
h

Accordingly, Ny(t) - AF9% as t — oo. Consequently, all the solutions (Sy, I, S, In, Ry) of the Caputo fractional-order system are
uniformly bounded in the region:

A% A%
0= {H ER5: S, (t) + I,(t) < 19—;';/\5,1(0 +I,(t) + R, < 19—2}
m h

The region @ is positively invariant and attracting and the well-posedness of the Caputo fractional-order system is proved in this
manner.

5 Steady States and basic reproduction number of the model

In this Section, we investigate the feasible equilibrium points executed by the Caputo fractional-order Lassa fever system (3) and their
existence criteria. It is seen that the system possesses two feasible steady states -

(i) An infection-free equilibrium point - 4y = (Lﬁ, 0,%, 0,0), which exists irrespective of any epidemiological condition.
m h

(i) Endemic equilibrium point - A* = (S,,, I;m, Sn, In, Rp,), whose existence condition would be studied.

5.1 Basic reproduction number of the system

With the aim of finding the basic reproduction number of the Caputo fractional-order system (3), we take help of the next-generation
matrix method [24]. Basic reproduction number, a threshold, is essential to estimate the conditions for spreading of an infection, and to
predict the future course of outbreak. In this aspect, we construct two matrices F and V representing the flow of new Lassa fever infection
and the transition of infection between infected compartments at the infection-free steady state A, as follows:

AL 0
_| Hm _ (6m +um 0 )
F= WP ﬁﬁé"l’andv_( 0 YE+ 85+ ul)
Hn Hn

The basic reproduction number, R (say), is the spectral radius of the next-generation matrix FV ™! and is computed as
Ry = max{R,, Ry}
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We may express the basic reproduction number, R, as the combination of another two thresholds - R,, representing the control
reproduction number for rat population and Rj, representing the control reproduction number for human population respectively given
as below:

BS A
um (S5 + )’
B3 A
ur (vl + 65 +up)’

Rn =

Rh =

5.2 Existence of endemic steady state

The components of the endemic steady state are given as follows:

Sm +
Sm = T,
Pm
Iy = E (Rm -1),
s = w83 (85 + u)
" BEuE (8% + 1wk Ry — 1) + BT, + pf’

Yiln

Ry = —a
Hp

and I, satisfies the function F(I,) = 0, where the function F(I}) is defined as

Bt um vy + 6 + up) Ry — 1)
B3

Accordingly, it is noticeable that F(0) < 0 while R, > 1. Moreover, F(I,) = 400 as I, = +oo. Hence, the endemic equilibrium would
exist whenever R, > 1.

apa acp 1
+ O+ OF + ufuf - ml) S
3

F(I) =FUy) = Of +6F +ud)pSI? +<

Susceptible Humans

1 1 1 1

4 8 2 16 20
Time(Days) — >

Figure 2. The figure is showing the time series evolution in the infected human population of the Caputo fractional-
order system (3) for different values of immunological memory, a = 0.5, 0.7, 0.9, 1.0 and taking other baseline

parameter values same as in Table 1.
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Figure 3: The figure is showing the time series evolution in the infected human population
of the Caputo fractional-order system (3) for different values of immunological memory, o =
0.5,0.7, 0.9, 1.0 and taking other baseline parameter values same as in Table 1.

6 Local dynamics of the system
In this section, we would study the local asymptotic stability of the Caputo fractional-order system [3] around the infection-free

equilibrium point 4y = (;ﬁ, 0,%, 0,0) and the endemic equilibrium point A* = (S, I, Sk, In, Rp)-
m h

Theorem 4. The Caputo fractional-order system [3] of Lassa fever would be locally asymptotically stable around the infection-free equilibrium point
Ay = (i—"‘, O,%, 0,0) while Ry < 1; otherwise, instability occurs in the system [3].
m h

Proof. In order to determine the local asymptotic stability of the Caputo fractional-order system [3] around the infection-free equilibrium

point 4y = (i—"‘, 0, ;ﬁ, 0,0), first we have to compute the Jacobian matrix of the system [3] at the infection-free equilibrium point 4, as
m h

“Hm Q12 0 0 0
( 0 an 0 0 0 w
Ja,=1 0 am —pp azx 0 |,

\0 (275 0 Qyy 0
0 0 0 v —m

where the components ay,, ax, as, as, asy and ayy are computed as

B3 A Bs Az
apy = —— Ay = — (6% + i),
m HUm

o cag

32 = - yU34 — — ’

By Bn
B1An B24n

ap = o ,Qyq = = (v + 65 +up).

It is noticeable that the Jacobian matrix J,, possesses three purely real and strictly negative eigenvalues namely —uf,, —up, —uy -
Furthermore, the rest two eigenvalues are (55 + uy) (R, — 1) and (y5 + 65 + uf)(Rp, — 1). Thus, these two eigenvalues would be
real and negative or having negative real parts if and only if R,, < 1 and R, < 1. Taking help of the Theorem 5 proposed in the
work of Samui et al. [21], it is seen that |arg(1;)| = © > ?,i =1,2,3,4,5 and 0 < a < 1. Consequently, the Caputo fractional-order

system [3] is locally asymptotically stable around the infection-free equilibrium point on condition that R, <1and R, < 1. O
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Recovered Humans

Figure 4: The figure is showing the time series evolution in the recovered human population
of the Caputo fractional-order system (3) for different values of immunological memory, ot =
0.5,0.7, 0.9, 1.0 and taking other baseline parameter values same as in Table 1.

Theorem 5. The Caputo fractional-order system [3] of Lassa fever would be locally asymptotically stable around the endemic equilibrium point A* =
(Smo Im» Sw, In, Ry) while Ry > 1; otherwise, instability occurs in the system [3].

Proof. To determine the local asymptotic stability of the system [3] around the the endemic equilibrium point A* = (S, Iy, Sy, In, Rp), first
we compute the Jacobian matrix of the system [3] about the endemic equilibrium point (EE) as

app  Qaqp 0 0 0
( a1 Qap 0 0 0 \‘
Jo=|0 an ap au 0 |

0 ap ap ay O
0 0 0 vY» —ta

where we consider

ap = —Hm — Balm, a12 = B3Sm, a01 = =Bl
ap = —B3Sm — (O + tm), azy = —P1Sh,

a3z = —pp — Bl — B2ln, azs = —B2Sn, s = B1Sp,
azy = PoSn— (yn+8p +up) ap = —Pily + Bolp.

It is seen that the Jacobian matrix J 4+ have one purely real and strictly negative eigenvalues —uy,. Further, the rest four eigenvalues can be
obtained from the following characteristic equation

4 2 —
BB+ LA+ A+, =0, “)
where
o= —a11 — Gy — a3 — Qg4
G = a110; + Q11033 + Q11044 + 22033 + A 04q + A33044 — A12021 — A34043,
{3 = apaxass+ apdyauy + a11034043 + A200a34043 — Q11022044 — Q11022033 — (22033044 — Q11033044
4 = a11022033044 — (11022034043 — Q12021033044 T Q12021034043

Next, we present two propositions to study the local asymptotic stability of the system [3] around the endemic equilibrium.

Proposition 1. If the four eigenvalues A;,i = 1,2,3,4 of the Jacobian matrix J, satisfies the condition |arg(1)| > /177: (apart from the eigenvalue —uy,
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which is already negative), then the epidemic system [3] is locally asymptotically stable around the EE.

Next, we determine the discriminant of the characteristic equation (4) as:

G & ¢ G 00

T4 & ¢ ¢ 0

0 1 & & G &
0],
0

-

3¢t 2 ¢ 0 0
4 3¢ 2% &G0
0 4 3¢ 26 ¢ 0
0 0 0 4 3¢ 20, {3
= {P0303 — 407030, — 407F + 1830503027010 + 40303 + 16130, +
18810203 — 808103030, — 607030, + 144370,0% — 2705 + 1443,030,
—12835¢F — 1924, 357 + 25603

Y(p) =

S O OO

In terms of the discriminant Y (¢), we construct the following proposition to study the local asymptotic stability of the system [3] around
the endemic equilibrium point.

Proposition 2. (a) The epidemic system [3] is locally asymptotically stable around the EE if Y (¢) > 0, in addition to the conditions (i) {; >0,
(1) $185 > G5, and (iii) $1425 — {4 — 3> 0.

(b) The epidemic system [3] is locally asymptotically stable around the EE for a € (0.5,1), if Y (¢) < 0, in addition to the conditions (i) {; > 0, (ii)
{o >0, (iii) {14, > {3, and (iv) {10303 — {£3s — {3 = 0.

(¢) The epidemic system [3] is unstable around the EE for a > 2/3, if Y (¢) < 0 together with the conditions (i) {; < 0, (ii) {; < 0, and (iii) {3 <

0.
O

150
&

Figure 5: The figure is showing the time series evolution in the recovered human population
of the Caputo fractional-order system (3) for different values of immunological memory, a =
0.5,0.7, 0.9, 1.0 and taking other baseline parameter values same as in Table 1.

7 Numerical simulation

In this section, we numerically validate our proposed Caputo fractional-order Lassa fever model (3) using the MATLAB software with
baseline parameter values enlisted in the Table 1. Intended to capture the dynamics of the Caputo fractional-order model, we vary the
value of the immunological memory, a. Indeed, for @ = 1, the Caputo fractional-order system would shrink to its integer-order
counterpart. In Figure 2, Figure 3 and Figure 4, the behaviors of the Caputo fractional-order system for different values of the
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immunological memory, a = 0.5,0.7,0.9,1.0 are observed in case of three populations - susceptible, infected and recovered human
population respectively. It is observed that for higher value of immunological memory, the load of Lassa fever infection would be declined.
In Figure 5, the global asymptotic stability of the Caputo fractional-order system is depicted in the phase space S, — Ry, — I, showing the
gradual declination of the Lassa fever infection for increasing values of immunological memory.

8 Conclusions

In epidemiology, Caputo fractional-order differential equations are referring to be the most interesting tool in analyzing dynamics of an
infectious disease, disease pattern, course of infection and future course of outbreak. In our present research study, we formulate a
deterministic, five compartmental model of Lassa fever taking into account both the human population and rat population. Furthermore,
we perturb the integer-order Lassa model into a Caputo fractional-order model accounting the impact of immunological memory in

disease progression, mitigation and curtailing of Lassa fever infection.
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